For a given embedded Lagrangian in the complement of a complex hypersurface we show existence of a holomorphic disc in the complement having boundary on that Lagrangian.
Introduction and Main Results
Let L ⊂ C n be a Lagrangian, i.e. an immersed (real) n-manifold L ⊂ C n such that the restriction ω| L = 0 for the symplectic 2-form ω = dθ = n i=1 dx i ∧ dy i vanishes, where θ = n i=1 x i dy i is the Liouville form and z i = x i + iy i are the (complex) coordinates on C n . Hence θ| L is a closed 1-form and thus defines an element in H 1 (L, Z). In [2] Gromov constructed non constant holomorphic discs with boundary on any embedded, closed Lagrangian in C n . He concluded that such a Lagrangian is never exact, i.e. [θ| L ] ∈ H 1 (L; Z) defines a non vanishing class in de Rham cohomology: the symplectic volume of the disc is positive by the compatibility of complex and symplectic structure and so is the integral of θ over the boundary of the disc by Stokes' theorem. In this paper we specialize the disc found by Gromov in the presence of a complex hypersurface. Let us first fix some notation (see e.g. [1] ). Definition 1.1 A complete Riemannian manifold is called geometrically bounded (g.b.) if its sectional curvature is bounded above and the injectivity radius is bounded below. A submanifold is g.b. if its second fundamental form is bounded above and if there are constants ǫ, C > 0 such that if two points of the submanifold can be joined by a geodesic of length l ≤ ǫ in the ambient space they can be joined by a geodesic of length Cl in the submanifold.
To connect things with the preceding discussion we formulate the following
Lagrangian embedding into C 2 such that there exists a complex line H in its complement nontrivially linked by L, i.e. 0 = lk(H, .) : H 1 (L) → Z, with a positive distance to L. Then each complex linear function which is non-constant on H is unbounded on L.
(ii) There is no Lagrangian embedding of the Klein bottle into the complement of a (real) plane in C 2 , nontrivially linking it. (1) can be suppressed by a symplectic Whitney disc. It follows from Theorem 1.2 that this disc may never lie in the complement of the plane.
All this will follow from the main result of the paper. We will formulate it in a more general setting refining the arguments to specify the holomorphic disc to lie in the complement of a complex hypersurface with boundary on a given Lagrangian in that complement. 
Lagrangian such that its projection onto the second component is bounded. Then there exists a loop γ ⊂ L which bounds a nonconstant holomorphic disc in (M \ Σ) × C.
Proof of Theorem 1.2. (i) Assume there is a bounded complex linear function which is nonconstant on H. Then, choosing a complex linear transformation, w.l.o.g. we may assume that H = {0} × C. Hence the hypotheses of Theorem 1.4 are satisfied and in the complement of H there is a disc with boundary on L and nonvanishing symplectic area. However, this contradicts lk(H, .) = 0 since the boundary of the disc represents an element of its kernel which is not torsion.
(ii) Let L be a Lagrangian embedding of a closed surface into the complement of a (real) plane. We may assume that the plane is symplectic (by replacing it with a nearby plane) and fix a constant, and thus integrable complex structure on C 2 such that the plane is a complex line H ⊂ C 2 . In the complement of H we find a disc with boundary on L and nonvanishing symplectic area. Thus we obtain an element in the kernel of lk(H, .) : H 1 (L) −→ Z which is not torsion. Hence b 1 (L) ≥ 2 and the statement follows. 2
There are also consequences in higher dimensions which are interesting from another point of view: Here we have much more space to construct Lagrangians of all kinds, for e.g. via a "cabeling" procedure (see Proposition 1.2.3 in [1] ). But the following corollary shows that not everything is possible:
• if L and the plane are unlinked or
In particular, if L is closed and nontrivially linked with any real 2(n− 1)-plane, then b 1 (L) ≥ 2. That means, for n ≥ 3, that a Lagrangian embedding of S n−1 × S 1 in C n (which can be constructed from Whitney's Lagrangian immersion of the sphere S n−1 into C n−1 via cabeling) trivially links any real 2(n − 1)-plane in its complement. We prove the observation refining the arguments used to prove the corresponding result of Gromov [2] (for more details see e.g. [1] ).
Denote by π : M × C −→ M the projection onto the first component. Fix an α > 2. We define
The linearization Note that 0 ∈ G is a regular point w.r.t. P and P −1 (0) = {(p, 0)} consists of a single point. Pick g := (0, B) according to the splitting T V ∼ = T M × C with B ∈ C constant. Connect it to 0 by a path γ ⊂ G transversal w.r.t. P . Hence P −1 (γ) is a one-dimensional manifold with boundary consisting of (p, 0) and P −1 (g). Via Cauchy-integral or Poisson-formula one proves that there is no solution to ∂u = g if B is sufficiently large. (see e.g. [1] ). Therefore P −1 (g) = ∅. Thus P −1 (γ) has to be non compact.
Let t 0 := inf{t | P −1 (γ(t)) = ∅}. Pick a sequence t n ↑ t 0 > 0 and (u n , g n ) ∈ P −1 (γ(t n )) ⊂ M with lim n→∞ g n ∈ g ∈ G which does not converge in M. From [2] we therefor know that there is "bubbling": a subsequence converges in the sense of Gromov to a solution of ∂u = g with u : (∆, ∂∆) −→ (M × C, Σ × C) representing a different homotopy class then the u's considered so far and a (nonempty!) collection of nonconstant holomorphic discs with boundary on L and nonconstant holomorphic spheres. The convergence is such that the homology class of the u n is preserved.
Thus it suffices to show that u has a nonnegative intersection number with Σ × C. This excludes spheres in the collection of holomorphic curves since only such with positive intersection index are allowed. Hence there is a nonconstant holomorphic disc with boundary on L and zero intersection index with Σ × C which implies that it has to lie in the complement.
Assume the contrary. Pick a point q ∈ u(∆) ∩ Σ × C. We claim that its intersection index is positive. We obtain a holomorphic map π • u : u −1 (U × C) ⊂ ∆ → M near the preimage of q. The intersection indices of u with Σ × C and π • u with Σ at q agree. The latter is a well-defined (finite!) positive number unless the whole image of that neighbourhood lies inside Σ. This cannot happen because then u would map completely into Σ × C. But at least the boundary lies in L ⊂ (M \ Σ) × C. 2 Remark 2.2 (1) The author believes that one can drop the Kähler condition on M . All we should need is the positive intersection condition for pseudoholomorphic curves and almost complex hypersurfaces in a symplectically tamed almost complex manifold. (2) Theorem 1.2 has a simpler proof using the fact that C n \ C n−1 is symplectomorhic to (−∞, 0) × C n−1 ⊂ (R × S 1 ) × C n−1 and then applying Gromov's original theorem to the latter. However, with this method one only obtains nonconstant symplectic discs with boundary on the Lagrangian. But the existence of holomorphic ones is interesting from the complex geometric point of view. Neither does this method directly apply to the general case L ⊂ (C n−1 \ Σ) × C where Σ is a general complex hypersurface.
